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Introduction
From the beginning of the last century several proposals of nonlinear electrodynamics have been put forth for doing the task to alleviate the singularity of Maxwell's solution to the field of a point charge. Among these proposals the formulation of Born and Infeld [1] was very successful. Non-linear electrodynamics arises when classical electrodynamics is modified because of quantum corrections. Thus, by assuming loop corrections in QED we get Heisenberg-Euler electrodynamics [2] , which gives way to the vacuum birefringence phenomenon. The Born-Infeld electrodynamics does not contain this phenomenon but in the modified Born-Infeld electrodynamics, this phenomenon comes into play. Another requirement for any model of nonlinear electrodynamics to be a successful is that Maxwell's electrodynamics is obtained from it, in the region where electromagnetic field is weak. There are several desirable characteristics of Born-Infeld electrodynamics, for instance, electric field has an upper bound at the centre of charged particles and a finite energy at that position while in Maxwell's electrodynamics the issue of infinite electromagnetic energy arises and also the electric field has singularity at the origin of charged particles. For finiteness of electric field Born and Infeld chose a particular nonlinear action having maximum field strength; the field equations thus obtained were coupled with the gravitational field equations and then they solved the equations to determine a solution corresponding to a point charge which was static and spherically symmetric. The solutions of the Einstein field equations coupled to the Born-Infeld electrodynamics were found [3] in 1937. Other models of nonlinear electrodynamics [4] have also been used to discuss the solution of Einstein's equations. Further, Born-Infeld nonlinear electrodynamics has been coupled with gravity to obtain a class of regular static spherically symmetric solutions that behave like Reissner-Nordström solution asymptotically with respect to a point charge source [5] . It is to be noted that classical electrodynamics is modified in case of strong electromagnetic fields due to the self-interaction of photons [6] .
Another development in this direction came when the solutions describing black holes in general relativity were studied in the framework of nonlinear electrodynamics [7] [8] [9] [10] [11] [12] . These solutions asymptotically approach the Reissner-Nordström solution at radial infinity. The model of exponential nonlinear electrodynamics was used to construct magnetically charged spherically symmetric black hole solution similar to Reissner-Nordström solution with a few corrections [13] .
It is well-known that, in both classical and quantum realms, Einstein's theory of gravity is ultraviolet-incomplete (UV-incomplete). The existence of singularities is the main problem in this theory, e.g. solutions of Einstein's equations such as Schwarzschild, ReissnerNordström and Kerr metric, have curvature singularities at the origin. So, in general, one can believe that the modification of this theory is possible in those regions where the curvature is very high. Many proposals have been put forward to achieve such modifications. For example, it was also proposed that if higher order terms are included in curvature and those terms which contain higher order derivatives, then the theory of gravity can be made UV-complete [14] . However these theories contain non-physical degrees of freedom, the so-called ghosts. Recently a new UV-complete modification of the theory of gravity has been put forward in which this problem does not occur. This theory is called a ghost free gravity theory [15] [16] [17] [18] [19] . This ghost free theory is also applicable in the problem of singularities in black holes and cosmology [20] [21] [22] [23] [24] . If the unfailing fundamental theory is not known then the more naive, phenomenological approach for description of physics in the regime of high curvature can also be useful. In this approach one can consider that the gravity is still described by a classical metric in this regime where the curvature is high. In view of describing gravity there exists a parameter µ for fundamental energy scale which is related to the fundamental scale length by l = µ −1 . The classical Einstein's equations will be modified if the curvature is comparable with l −2 . Instead of correcting the field equations, we would impose a number of restrictions on the line element. More precisely we consider: (i) the field equations in the modified theory are approximately similar to Einstein's equations in the domain where the curvature is small i.e. R l −2 ; (ii) the metric functions are regular; (iii) the curvature invariants satisfying the limiting curvature condition, which means that their value is uniformly constrained by some fundamental value, |R| ≤ kl −2 [25, 26] . Here R denotes any type of invariants which can be constructed from curvature tensor and its covariant derivatives and k is the dimensionless constant. Those black hole metrics which satisfy the above conditions are called non-singular black holes. A large number of non-singular black hole models were proposed in Ref. [27] .
So far, nonlinear electrodynamics was used to determine the asymptotic charged black hole solutions of Einstein's field equations. Here, in this work we use the exponential electrodynamics model to find out the asymptotic magnetically charged non-singular black hole solution of some modified theory of gravity. We determine the metric and discuss thermodynamics for this object as well. In order to achieve these goals, we assume a spherically symmetric metric describing a black hole which is formed when a null shell of mass M collapses. It exists for a finite life time and then ends due to the collapse of another shell having mass −M . Such a black hole is called a sandwich black hole and is described by the Hayward metric [28] . Following the approach of Ref. [13] we use the model of exponential electrodynamics on this metric to work out magnetically charged non-singular black hole solution. The curvature of the black hole solution discussed in our letter is finite everywhere and is proportional to l −2 . When we put l equal to zero, our metric reduces to Einstein's theory [13] . When the radial coordinate, r = 0, these metrics are finite, however, the Kretschmann scalar in our work indicates that it is regular at r = 0 whereas in Ref. [13] this scalar is infinite which shows the occurrence of true curvature singularity, although the Ricci scalar is non-singular. This shows that the coupling to nonlocal elm provides some but not complete regularization effect. Because of this reason our solution represents a nonsingular black hole. Secondly, our solution is asymptotic to charged non-singular black hole in the same manner as the solution in Ref. [13] is asymptotic to Reissner-Nordström black hole. In this letter the Hawking temperature and heat capacity at constant magnetic charge are also worked out. Apart from Hawking radiations, the non-singular black holes emit quantum radiations also from the interior spacetime, which we have investigated.
The letter is planned in the following manner. In Section 2 we use the gauge covariant Dirac quantization of our model coupled with gravity to derive the metric functions describing a magnetically charged non-singular black hole solution. The corrections to this black hole are found at radial infinity. We also calculate the curvature scalar invariants and their asymptotic behaviour at r → ∞ and at r → 0. Section 3 deals with thermodynamics of the magnetically charged non-singular black hole is studied. It is also shown here that not only the first order but the second order phase transitions also take place in such objects. In Section 4 we study quantum radiations from our resulting solution. In this section we also find formulae for the gain function and for quantum energy flux in the case of magnetically charged non-singular black hole. We summarize our results in Section 5.
Asymptotic magnetically charged non-singular black hole solution
The solutions describing black holes in general relativity within the framework of nonlinear electrodynamics have been studied [7] [8] [9] [10] [11] [12] . These solutions describe electrically charged black holes which asymptotically approach Reissner-Nordström solution at radial infinity. In order to described magnetically charged black hole solutions we consider the exponential nonlinear electrodynamics [13] for which the Lagrangian density is given by
where
Here F µν is the electromagnetic field tensor, A µ is the four-potential, B is the magnetic field, E is the electric field, and β is the parameter which has dimensions of (length) 4 and its upper bound β ≤ 1 × 10 −23 T −2 which was found from PVLAS experiment. Now, the Euler-Lagrange equations are
Thus the field equations become
The energy-momentum tensor is given by
where g µυ is the reciprocal metric tensor and the quantity H µλ is given by
Thus we can find the energy-momentum tensor from the Lagrangian density (2.1) as
from which its trace can be calculated as
For weak fields, or when β → 0, we get the results of classical electrodynamics, i.e., £ → −P and the trace of the energy-momentum tensor becomes zero. In general, β = 0, and the non-zero trace of the energy-momentum tensor means that the scale invariance is violated in the theory. So, any variants of nonlinear electrodynamics with the dimensional parameter give the breaking of scale invariance and so the divergence of dilation current does not vanish, i.e.,
If the general principles of causality and unitarity hold here then the theory is workable. According to this principle the group velocity of excitations over the background does not exceed the speed of light. This gives the requirement [11] [12] [13] that £ P = ∂£/∂P ≤ 0. So, from Eq. (2.1) we get to the point that when βP ≤ 1 the causality principle holds. In the case of pure magnetic field we have the condition B ≤ 2 β . The unitarity principle holds when £ P + 2P £ P P ≤ 0 and £ P P ≥ 0, and thus with the help of Eq. (2.1) we get βP ≤ 0.219 which is the restriction for unitarity principle [13] . So, causality and unitarity both take place when βP ≤ 0.219 and for purely magnetic field this yields the requirement
Now, we derive the metric which represents the static magnetic non-singular black hole. The invariant P for pure magnetic field in the spherically symmetric spacetime, is given as
The most general spherically symmetric spacetime is defined by
Here σ is the conformal factor and α and f are functions of radial coordinate r. If we put If we put l = 0, we obtain the metric function for Einstein's theory [13] . Using the above results we can write the asymptotic value of the metric function in the neighbourhood of radial infinity. For this we use the series expansion
Thus the metric function f (r) at r → ∞ takes the following form
In the numerator and denominator if we choose β = 0 i.e. by neglecting the nonlinear effects of magnetic field we get 19) which corresponds to the metric of charged non-singular black hole [28] . In the limit l → 0, a metric similar to the Reissner-Nordström solution is obtained. Further, from (2.18) we see that
By making corrections to the fourth order terms, a metric similar to the Reissner-Nordström solution is obtained. The limit r → ∞, gives Minkowski spacetime.
We can also write the asymptotic values of the metric function at r → 0. For doing this we will use the series expansion 
. (2.24) Clearly it can be seen that apparent horizons can be found by solving equation f (x) = 0. The function given by Eq. (2.24) is plotted in Figs. 1-3 for different values of β, l and Q = q/ √ 2. The points where these curves intersect horizontal axes indicate the position of the apparent horizon. Now, we want to confirm that our metric is asymptotically flat and regular at r = 0, i.e., we have indeed a non-singular object under discussion. For this purpose the Ricci scalar is given by [27] From the quadratic invariant C 2 = C µυαβ C µυαβ , where C µυαβ is the Weyl tensor, we obtain 
where H, L, N, S and W are given by
Using the expansion This clearly shows that the scalar curvature has no singularities. The spacetime becomes Minkowski at r → ∞, while at the origin r = 0, finite curvature suggests that the black hole under consideration is regular. The Kretschmann scalar is regular at r = 0, which indicates that our solution of some modified theory of gravity describes a non-singular black hole with exponential pure magnetic source. This is in contrast to Einstein's theory in the framework of exponential electrodynamics [13] where the Kretschmann scalar is singular at r = 0. It is worth mentioning that as the charged generalization of the Hayward metric in Maxwell's electrodynamics is non-singular [28] , our solution in nonlinear electrodynamics also describes a non-singular black hole, where the curvature of the spacetime is finite everywhere.
Thermodynamics of magnetically charged non-singular black hole
Here we want to investigate the thermal stability of magnetized non-singular black hole by working out the Hawking temperature and its heat capacity. The black hole is unstable where the temperature becomes negative. The Hawking temperature is described by the relation [29] [30] [31] 
where κ defines the surface gravity which is given by
Thus if r 1 and r 2 are the inner and outer apparent horizons, respectively, then for the inner horizon the surface gravity is
By using the relation (2.27) in the above we get
Similarly, for the outer horizon the surface gravity is given by 5) so that the expression of Hawking temperature yields the result
This reduces to the result for the black hole solution of Einstein's theory with exponential magnetic source [13] , if we put l = 0. From Fig. 4 it is clear that the first order phase transition of black hole occurs at ±5 × 10 29 because the Hawking temperature is zero there. Hawking temperature gives the maximum value as x 2 → 0. The entropy of the black hole satisfies Hawking area law i.e. S = A h /4 = πr 2 2 . Then heat capacity is defined for constant charge as Thus with the help of Eq. (3.6) we get the expression for heat capacity in the form √ β vs x 2 shows that heat capacity is singular in the interval (−0.05969, 0.05969), which says that second order phase transition occurs in this interval. For all values of x + < −0.05969 the heat capacity becomes negative and so the black hole is unstable. Fig. 5 shows that heat capacity diverges as T H increases.
Quantum radiations from magnetically charged non-singular black hole
When a black hole is formed, it emits quantum radiation. An observer outside the black hole can register outgoing Hawking radiation from the black hole, due to which its mass decreases and it shrinks in size. One possibility is that the black hole disappears completely as a result of evaporation. For a spherically symmetric spacetime of non-singular black hole, this implies that the apparent horizon is closed, and there is no event horizon. Thus, according to the usual definition this object, in fact, is not a black hole, but its long-time analogue. However, we are using the same term black hole for these objects too. The most important property of such type of non-singular black holes is that not only Hawking radiation is emitted but in addition to that quantum radiation also comes from the interior spacetime [28] . We should expect that after the complete evaporation of this object, the total energy loss by it will be equal to its initial mass. Since, in this letter we coupled the non-singular black hole solution with the model of exponential nonlinear electrodynamics, so we consider the model This function depends on r for some real interval 0 < v < p, while the function is equal to unity outside this interval i.e. the spacetime becomes flat. Here also our assumption is that this black hole is formed as a result of collapse of the spherical null shell which has mass M [28] . This black hole exists for some time ∆V , and after that it completely disappears due to the collapse of some other shell which has mass −M. It is possible to find the gain function for such type of black hole whose interior spacetime is static. Let us assume that an incoming radial photon whose initial energy is E 1 , reaches the first shell at distance r − . It moves through the interior spacetime between the shells and after crossing the second shell at distance r + , leaves the black hole with energy E 2 . We call such a photon of radial type I, and r − , r + are the points of entrance and exit of photon. Then the gain function is given by
where f ± are the quantity f evaluated at r ± . For the photons which propagate along the horizon r + = r − , one gets f − = f + = 0. Therefore
Now, consider type II, a beam of incoming radial photons having energy E 1 . The radial type II photons cross the first shell in the interval (r − , r − + ∆r − ) , and then the second shell between the interval (r + , r + + ∆r + ) having energy E 2 . Then
The rate of energy flux is then given by
so that we get
Since the radial type II photon starts motion in the interval (0, p), the gain function can be obtained as
where we use (2.23). For the double shell model, having a constant metric in the interior, the gain function is given by 9) and f (r) is given by Eq. (4.2). For type III null rays, that is, those rays which are outside the interval (0, p) the gain function is equal to 1. The quantum radiation from magnetized non-singular black hole can be estimated with the help of a result from Ref. [32] , where conformal anomaly is used to work out twodimensional quantum average of the energy-momentum tensor. Now, massless particles are created from the initial vacuum state. So for type I rays, the rate of energy flux of these massless particles is given by the following expression 11) where the function G is introduced as
Again using Eq. (2.23) we get the result
(4.13) Here f (x) and its first and second order derivatives are given by Eqs. (2.24), (2.27) and (2.28), respectively. The values x − and x + are related to r − and r + where the photon crosses the first and second shells.
For type II rays, i.e., when 0 < v < p, the corresponding outgoing null ray intersects the second shell only, with negative mass, and one has f (r − ) = 1, so that the expression for the energy flux becomes
. (4.14)
For type III rays we get ξ = 0, because in that region there are no quantum radiations.
Conclusion
There are different approaches for studying black holes in the framework of nonlinear electrodynamics. In this letter we used the model of exponential electrodynamics which is reducible to Maxwell electrodynamics in the weak field limit. In this model briefriengence phenomenon holds and also weak energy condition is satisfied, and similarly, causality and unitarity principles are also satisfied. A regular black hole solution has been obtained in exponential nonlinear electrodynamics in the framework of Einstein's general relativity [13] . Using this method we coupled the model of exponential electrodynamics with some UV regulating modified theory of gravity to obtain the asymptotic magnetically charged nonsingular black hole metric. The resulting metric is regular at the origin as the curvature invariants are finite there. Moreover, the asymptotic values of the metric functions at r → 0 and r → ∞ have been worked out. This metric is similar to the electrically charged non-singular metric [27] . Further we calculated its thermodynamical quantities such as Hawking temperature and heat capacity. We note that the first order phase transition occurs at the outer horizon r 2 = ±2 , the heat capacity is negative so the black hole is unstable. The heat capacity diverges as the Hawking temperature increases, so the second order phase transition occurs in the interval x 2 ∈ (−0.05969, 0.05969). Furthermore, quantum radiations from this non-singular black hole have also been discussed. Here we find the expression for the quantum energy flux of the massless particles emitted from the interior of such a non-singular black hole.
In the limit β → 0, our results correspond to the case of magnetically charged nonsingular black holes where Maxwell's electrodynamics is coupled with the modified gravity [28] . For l = 0, these results coincide with the case of black hole solutions of Einstein's gravity in the presence of exponential electromagnetic field [13] . When both the parameters β and l vanish, our results reduce to those for the Reissner-Nordström black hole of Einstein's theory. Similarly, neutral black hole solutions are obtained if we put q = 0 and l = 0 in the formulae derived in this letter.
